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Cosmological Attractors from o-Scale Supergravity 
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The Planck value of the spectral index can be interpreted as = 1 — 2/N in terms of the number 
of e-foldings N. An appealing explanation for this phenomenological observation is provided by 
o-attractors: the inflationary predictions of these supergravity models are fully determined by the 
curvature of the Kahler manifold. We provide a novel formulation of o-attractors which only involves 
a single chiral superfield. Our construction involves a natural deformation of no-scale models, and 
employs these to construct a De Sitter plateau with an exponential fall-off. Finally, we show how 
analogous structures with a flat Kahler geometry arise as a singular limit of such a-scale models. 


I. INTRODUCTION 


The Planck satellite has found unequivocal evidence 
for a key prediction of inflation: the spectrum of primor¬ 
dial scalar perturbations, whose imprint as temperature 
fluctuations on the CMB was first measured by CORE 
[1], has a small deviation from scale invariance. This 
is encoded in the spectral index, whose value has been 
measured to be Ug = 0.968 ± 0.006 mm, where scale 
invariance corresponds to = 1. 

The particular value of the tilt has invited suggestions 
that this can be modelled as 


possibly up to higher-order corrections in l/N, where 
N is the number of e-folds between horizon crossing of 
the CMB modes and the end of inflation. Interestingly, 
this relation generically allows for only two regimes of 
the tensor-to-scalar ratio r, which is either given by r = 
S/N or scales as 1/N‘^ at lowest order [HIS] (see also 0- 
[8]). Furthermore, assuming eq. strengthens the usual 
Lyth bound lann] on the displacement of the inflaton 
field by two orders of magnitude m- 

In addition to observations, there is also a theoretical 
predisposition for the specific scaling § rather than with 
other coefficients of the 1/N term. First examples in¬ 
clude the Starobinsky model m, its supergravity imple¬ 
mentations (TsHlH] and Higgs inflation [19], which have 
r = 12/N^. Moreover, it was later realized that a large 
set of models with arbitrary scalar potentials and spe¬ 
cific non-minimal coupling lead to the same predictions, 
a phenomenon referred to as the universal attractor [20| . 

Prior to this, it had been pointed out that the same 
insensitivity to the details of the scalar potential arises 
in supergravity models with a non-trivial Kahler geome¬ 
try [21]. The latter induces a boundary in moduli space, 
where the theory attains a conformal symmetry. Infla¬ 
tion takes places as the inflaton moves away from the 
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boundary, leading to universal properties of the cosmo¬ 
logical observables Ug and r, identical to those of the 
universal attractor. This was subsequently generalized 
to the notion of a-attractors [22] [23], building on the 
same idea but varying the Kahler curvature and, with it, 
the tensor-to-scalar ratio, in the following way: 


Rk 
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3a 


r = 


12a 


( 2 ) 


This remarkable relation between the Kahler curva¬ 
ture and the tensor-to-scalar ratio was first found in 
[24] . Finally, the non-minimal coupling and non-trivial 
Kahler geometry can be related to each other and turn 
out to have a similar origin, that can be phrased as a 
pole of order two in the kinetic term of the inflaton [25] . 
The residue of this pole is set by the parameter a, which 
also has a beautiful interpretation [26]. 

In this Letter we present evidence for the universality 
of (a-attractors: while the previous models contain two 
chiral supermultiplets and employ a separation between 
the inflaton and the sGoldstino supersymmetry breaking 
directions [271128], we demonstrate that the same phe¬ 
nomenon can be achieved in a model containing just one 
superfleld. The economical framework of realizing infla¬ 
tion in single-superfleld models has been discussed in [29L 
[36] , but these do not include a variable Kahler geometry 
and hence lack the parameter a. 

Our construction also highlights a novel approach to 
Minkowski and De Sitter model building. Whereas 
the classic no-scale supergravity [37H39] yields two flat 
Minkowski directions, one of these can be lifted to a sta¬ 
ble direction by deforming the Kahler curvature and al¬ 
lowing for a more general monomial dependence of the su¬ 
perpotential. Interestingly, a combination of these struc¬ 
tures leads to a De Sitter plateau. This turns out to 
be stable only for such a-deformed supergravities with 
a smaller Kahler curvature than the one corresponding 
to a combination of no-scale constructions. Remarkably, 
generic deformations of these De Sitter plateaus lead to 
inflationary regimes with predictions 0 and 0. 

Finally, analogous results emerge in the singular limit 
a ^ oo where the Kahler geometry becomes flat. 
However, in this case the natural ingredients providing 
Minkowski or dS solutions and inflationary deformations 
will be exponentials, peculiar to this geometry. 
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II. NO-SCALE SUPERGRAVITY AND DS 

Our starting point will be the no-scale structure for a 
supergravity with a single chiral superfield. In this case 
the Kahler potential reads 

A = -31n(^ + 4>) , (3) 

describing a manifold SU(1,1)/U(1) and invariant under 
a shift of Im($), while the superpotential is independent 
of the superfield and hence constant. This model is char¬ 
acterized by a Minkowski vacuum in any point in field 
space. The negative definite contribution to the scalar 
potential, proportional to the square of the superpoten¬ 
tial, is cancelled by the positive definite term, propor¬ 
tional to the square of the order parameter of supersym¬ 
metry breaking 


This still parametrizes a symmetric geometry 
SU{1^ 1)/I/(1), whose curvature is given by <§• 

One can consistently truncate the equations of motion 
at ^ and, along this line, the relation between the 
geometric field and the canonical normalized field (p is 

$ = $ = (8) 

A single monomial superpotential W = will give a 
scalar potential equal to 

y ^ 8-» [(2n - 3af - 9a] ^2„-3a ^ .g) 

along the real direction ^ Note that a constant po¬ 
tential corresponds to 2n = 3a which, for any value of a, 
leads always to AdS [18]. In contrast, a vanishing scalar 
potential corresponds to one of the following solutions 


D^W = d^W + K^W . (4) 

Note that only the latter term of this contribution is 
non-vanishing due to the constancy of the superpoten¬ 
tial. The resulting no-scale model necessarily has a flat 
direction along the imaginary part of 4>, as this does not 
appear in either K or W. 

By a field redefinition, one can bring this simple no¬ 
scale model to a different form. In particular, in order 
to leave the Kahler potential invariant, one can combine 
an inversion of the holomorphic field with a specific 
Kahler transformation, defined as 

K ^ K + X{<^) + X{^), (5) 

with A = —31n4> in this case. Under these transforma¬ 
tions, a constant superpotential becomes cubic instead. 
While this model has the same scalar potential and is 
therefore also of the no-scale type, it receives contribu¬ 
tions from both terms in D^W. 

Remarkably, one can combine the constant and cubic 
superpotentials to move away from no-scale models and 
generate a non-vanishing cosmological constant. In par¬ 
ticular, the superpotential 

W" = 1 - (6) 

leads to a scalar potential with a flat direction along 
= <h, where the original Minkowski vacuum is shifted 
to U = I (while the combination with opposite sign leads 
to AdS). However, this De Sitter solution turns out to be 
unstable: the mass of the imaginary direction is given by 


III. o-SCALE SUPERGRAVITY & STABLE DS 

In order to improve on the previous instability, we will 
consider a logarithmic Kahler potential of the form 

K =-3aln{^^^) . (7) 
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n± = -{a± x/a) , (10) 

displayed in Fig. These are the counterparts of the 
constant and cubic superpotentials of the previous sec¬ 
tion, corresponding to a = 1. We will refer to the above 
model as a-scale supergravities for the following reason. 

Similarly to the standard no-scale model, the real part 
of has flat direction. On the other hand, the mass of 
the imaginary part gets a dependence on the field and, 
along Im4> = 0, reads 


m 


2 _ 
Im <^> 


22-3“(q; 

a 




( 11 ) 


where the sign of the power depends on the choice 
of the solutions (10). This result assures stability 
Minkowski vacuum for a > 1 m- 


of one 
of the 



FIG. 1. The monomial powers n± for the o-scale models as 
function of a. 

Following the previous construction, one obtains a de 
Sitter plateau along the real direction by considering a 
pair of monomials, 

, y = 3 • 22-3“ _ (-^2) 

While this generically leads to terms with irrational pow¬ 
ers, these are integers when a is a perfect square. More¬ 
over, the more general choice with 9a a perfect square 
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yields still integer powers multiplied by an overall phase 
which can be gauged away by means of a Kahler trans¬ 
formation. 

Remarkably, unlike the standard case a = 1, the mass 
of Im $ gets also some field dependent contributions and, 
along the real axis, reads 




W 

3a 


1 — {a — 1) sinh^ 



(13) 


Such a solution for the mass of the imaginary component 
allows to identify regions of stable de Sitter vacua. In 
particular, for a > 1, the field dependent terms dominate 
in the limit of large \ip\^ leading to a positive mass for the 
imaginary component. Just a small region around the 
symmetric point {cp = 0) leads to an instability, which 
disappears in the limit a ^ oo. 


IV. SINGLE SUPERFIELD o-ATTRACTORS 


Once we know how to construct de Sitter in this con¬ 
text, we can add corrections to the superpotential (12) 
in order to reproduce a consistent inflationary dynamics. 
Deviations from the positive plateau are given by higher 
powers n of ^ (n_ < < n). In full generality, one can 

consider a deformation of the form 


W = (14) 


with F being a general function with an expansion 
F(4>) = The corresponding scalar potential, 

in terms of the geometric field 4>, reads 


V = 


22-3a + 3VaF($)) + 3Va) 

3a 


(15) 

along the real axis, where primes denote derivatives with 
respect to 4>. In the inflationary regime, close to 4> = 0, 
only the first non-constant term is relevant: the scalar 
potential approximates 


V = Vo- + ... , (16) 

at large values of the canonical field (p. The subleading 
terms will be irrelevant for order-one values of a. 

The inflationary scenario emerging from this construc¬ 
tion is therefore the one typical of the a-attractors: the 
Kahler geometry, described by eq. 0 , determines un¬ 
equivocally the observational predictions which, on the 
other hand, will be insensitive to specific changes in the 
superpotential. Moreover, the predicted values for the 
spectral tilt and tensor-to-scalar ratio are 0 and 0> in 
the limit of large number of e-foldings N. 

To demonstrate the stability and vacuum structure 
with an explicit example, we take 

F{x) = 1 + 3^/S - 3v^x . (17) 


V 






FIG. 2. Scalar potential and imaginary mass of the model 
defined by Eq. 0 in terms of p for a = {1,4,9}. The blue 
line represents the instability occurring at o = 1. 

These coefficients have been chosen to have a quadratic 
expansion around the Minkowski minimum at = 1. 
Both the scalar potential along the real axis as well as 
the mass of the imaginary direction is shown in Fig. for 
different values of a. This model is fully stable for a > 1 
while the Kahler curvature leads to an instability along 
the imaginary direction when a < 1. Finally, its observa¬ 
tional predictions superimposed on the confidence levels 
released by Planck2015 [2] are given in Fig. These in¬ 
terpolate between the rr-attractor values 0 and ([^, and 
those of a linear scalar potential. 

The above approach leads to a supersymmetric 
Minkowski minimum. Uplifting this vacuum by means of 
supersymmetry breaking to include a non-zero cosmolog¬ 
ical constant is strongly constrained m- generically this 
cannot be done with a small deformation and, within one 
single superfield, leads to an undesirable large gravitino 
mass [34]. An additional nilpotent sector can elegantly 
solve the issue of the separation of the physical scales 
iMmasTj. Nevertheless, as the two sectors prove to be 
independent from each other and play distinct roles m, 
it remains fundamental to construct a consistent infla¬ 
tionary dynamics in a single superfield context. 


V. FLAT KAHLER LIMIT 

In the singular limit a ^ oc the Kahler geometry 
becomes flat. One could wonder whether there is a 
similar a-scale model as well as de Sitter uplift in this 
limit. Indeed this is the case: upon a field redefinition 
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FIG. 3. The (ns,r) predictions for iV = 50 and N = 60 of 
the model Eq. 0 superimposed on the Planck constraints. 
The predictions interpolate between Q and § for small and 
order-one a and those of linear inflation for large a. 

^ exp(24>/v/3a) and a Kahler transformation with 
A = I a In 2 + \/3a4>, the Kahler potential 0 yields 

K = (18) 


this supergravity model with a flat Kahler geometry is 
identical to of the supergravity model with a curved 
Kahler geometry, provided one identifies a = a'. The 
specific choice 0 for F in this case leads to the iden¬ 
tical predictions of Fig. 3; however, interestingly, this 
model proves to be stable for any positive value of a. 

It therefore turns out to be possible to represent 
the same single-field inflationary potential by means of 
curved or flat Kahler geometry. Only the former has the 
attractive interpretation of the robustness of a-attractors 
arising from a non-trivial Kahler geometry; the same 
dynamics arises in the flat case by the peculiar non¬ 
polynomial form of W. 

The first example of such a model [29l [30l [35] fits per¬ 
fectly into the recipe given above: it has a superpotential 

W = sinh(\/34>) tanh(\/34>), (22) 

corresponding to the choice F{x) = {3 — x)/{l F x) for 
the case of a' = 1/9. The same inflationary potential can 
also be embedded in a logarithmic Kahler structure [36] . 

VI. DISCUSSION 


in the singular limit a ^ oo. Note that K has become 
shift-symmetric in the infiaton field Re 4> [27] . This nat¬ 
urally provides a solution to the so-called ? 7 -problem [48] , 
whereas, for finite values of a, the latter is mitigated by 
the logarithmic form 0 m- 

Under the same operations, the monomial superpoten¬ 
tial turns into (modulo a constant, overall rescaling) 

w = . (19) 


One can check that this leads to a vanishing scalar poten¬ 
tial along the line 4> = 4>. Moreover, a linear combination 
of the two exponentials, such as VF = sinh(\/34>), leads to 
a constant and positive value of V (while a cosh, instead, 
leads to AdS). The mass of the orthogonal imaginary 
component of 4> is equal to the a ^ oc limit of (13). 

The above construction can be perturbed to have devi¬ 
ations from de Sitter and produce a consistent inflation¬ 
ary dynamics. A first guess could be to include the same 
deformation in the polynomial 0 and take the a ^ oo 
limit. However, in this case the field dependence of this 
function is washed out: for finite values of the constants 
Cn, the resulting superpotential reads 


In this Letter we have outlined a strikingly simple route 
to construct single superfleld models with stable de Sitter 
solutions. Generic deformations of these models yield an 
inflationary trajectory fully consistent with Planck. The 
key quantity in this set of models, similar to the original 
Qf-attractors, is the curvature of the Kahler manifold 0- 
This quantity determines both the (in)stability of such 
constructions as well as the inflationary predictions of 
the deformed models. 

Remarkably, this provides a realization of a-attractors 
employing a single superfleld, in constrast to the two-field 
model of [22] [23] . This suggests that the phenomenon of 
Kahler curvature leading to the inflationary predictions 
0 and 0 is universal, and applies to a much larger set 
of Kahler geometries than SU(l,n)/l/(n) with n = 1,2. 

Given the prominence of no-scale models in the lit¬ 
erature, it would be interesting to study other possible 
applications of the ^-generalization proposed in this Let¬ 
ter. An example could be the no-scale inflationary con¬ 
structions of [HI ng ISDHS2]- Moreover, while we have 
focused on single superfleld models, it is straightforward 
to generalize this construction to multi-fields: 


W = -e-^‘^F(l), (20) 

leading to a constant scalar potential. 

A more natural possibility, given the exponential in¬ 
gredients of the above superpotential, would be to take 

w = , ( 21 ) 

where we have parametrized the additional dependence 
in terms of a new parameter a '. Remarkably, when trun¬ 
cating to the real axis, the scalar potential arising from 


K = ^-3ailog($i + #i), W = (23) 

i i 

where we have suppressed other fields with a different 
dependence. The condition for Minkowski is 

^ (2n,-3ay ^3^ (24) 

I 

Remarkably, also in the multi-field case, the interference 
of superpotential terms with flat Minkowski vacua leads 
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to a de Sitter phase, proving the generality of such a 
feature. It would be very interesting to investigate the 
stability and inflationary aspects of such constructions. 

Finally, our construction invites investigations of string 
theory scenarios leading to (23). Many moduli contribute 
with a factor oti — 1/3 to the Kahler potential, while flux 
compactiflcations yield polynomial contributions to the 
superpotential. It would be of the utmost interest to 


realize this in a concrete setting. 
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